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Propiedad Expresion
Linealidad ZLaf(t) + Bg(t)] = aF(s) + BG(s)
Integracién real L] Ot f(r) dr] = F(Ss)
Derivacién real Z [‘Ud—(tt)} =sF(s)— f(0T)
Valor final lim f(t) = ;Ln(l) sF(s)
Valor inicial lil(l)l+ f(t) = 312135 sF(s)
Traslacion en el tiempo Zf(t—a)] =e “F(s)
Traslacion en Laplace ZLe *f(t)) = F(s+a)
Convolucién Zf(t) @ g(t)] = F(s)G(s)
Escalado en el tiempo Zf(L)] = aF(as)
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# Qinarrizko eraldaketak:

f(t) F(s) f(t) F(s)
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te ta)? | © € (s+a)(s+b)
k—1,—at (k—1)! . "
t e a m sin at 2+a?
- —at a . 8
| —e @ (51a) cosat Trar
1—e 9t a —at _: b
t——¢ Py | | € sin bt T TR
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+(%/6#.#4()+,# #+'("#.5() +,Cf(t) )+#"# (#"'5.) #3I)#H) |
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(&'5() 2#+#*(5tH%'("#P32#6+")5.4#%4,($ +"0#) | x(0)=0;%(0)=0
s2X(s)—sX(0)— X'(0)+25X(s)+5X(s) = F(s)

3 _é+ Bs+C _A(S2+2S+5)+BS2+CS
s(s*+25+5) s (s7+2s+5) s(s* +2s+5)

Q +2

(s2 +2s+5)X(s) = E—)X(S) =
S

s> —>A=-B
s >24A+C=0>C=-6/5
0>3=54—>A4=3/5

3/5 3 s+2
X(s)= +—— =
s 5(s7+2s+5)

> x(1) = 3 —Ee” cos 2t —ie”senZt (t>0)
5 5 10
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+2 +5x(t) = f(t 2 _ _Y —
i at t) =1 Ek. Dif. -5/ Eraldaketa 57X (s)—sX(0)— X"'(0)+ 25X (s) +5X(s) = F(s)
x(0)=0;x(0)=0 h.b. = (taula) o
?-@>A A> (SZ+S+5)X(S):§
Ebatzi S
—————————— N(s 3 A Bs+C
b Y(S)=¥ X(S)=T+5:—+T+5
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! D(s) Faktorizatu ?532 % A=&B
3 3 3 : Frakzio sinpleetan ?S% 2A+C=0%C=8&6/5
x(t) =21 Ze'tcos2t! —€''serpt : deskonposatu «0 % 3=5A% A=3/5
5 5 10 C=$@>A*Avy s 3 seo
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# Ekuazio diferentzialen ebazpen-adibideak:

<=$>'#.8,"H6 #. 3%+ F("()5. HO#* (5H* #%' ("H$3*2#6+")5 #S$I*

3d);(f) +6x(1)=f(1)  x(0)=0;£(0)=0

JOHEX(t)2() +()23"# H+ ("I +(# C,%#HE&,)($3 (&3("H) +#&3(6#(t)
o™ ("H)(%/H#63))5H"3# H)/6'5,+(# N*OBHF'S.() 2#4.#3@

2=$>'#.&J*H$,#.'3*+'F("()5. #6#I*
d*x(t)
dt

JBHEX()H() +023"#H+ ("I +(H# CFYHE,)($3 (&3('H) +#&3(68Ft)=M
VHETH (&'5() 28+#2<0 +()#)  f(t)=0 (5#F(t)=3 20 +)(#) B@

+3%+ 2X(t)= f (t)
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# Ekuazio diferentzialen ebazpen-adibideak:

B=$#.8," 'HA#) +(H#&,) %'%5(4SH)'$S3 2#5' (#'5.() #3) f(t)
VHETH (GHEHE) &3 +'3) +(%/6HHA()+ # ("6H#.3)#5.() +5,0) ($,#.'3
+HE('05. #6#( #&,5.() +,&,6H

d’x(t) . dx(t) B
1 +3 7 +6x(t)= f(¢)

JBHEX()3() +()23"#H+ ("HI+H# T YH&,)($3 (&3('H) +#&3(6#(t)
V" $3)%5H)5(BH)/6'5,+(# N2 NBEH'S.() 2#.# 3QBHH#9%0' ("#$3
2#6+)5 #$#,($ +"((#) |

x(0) = 0;%(0) =3
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# Kanpo-adierazpidearen ikuspegitik, sistema
dinamikoa “kutxa beltz” bat da, irteera bat edo
gehiago gobernatzeko manipulatu daitezkeen sarrera

bat edo gehiago dituena

U1 > y1
SISTEMA S

Up
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% H$,#.'3%+'F("()5. #6H#S* (5H#*5"#)%F ("()5.*F,)5.'3#*
| 5"(+3&'&(,%HS34(, Yo" &(F") . 3]
#1S((H'() (GHYH™ ("#" () DHIGHEE,)5.'3 ("#6+#5,() #'5($3
("6#. SHE"+#&" | "8)H(,%". (484", W &(&"( @
# HS$ #.3%+'F("()5. #6*2'+(.*+(F')'5,54$3*%'%5(4#*: 3) (5#)]

'y, A )

dt” R dt

m m—1
p L0, 4 ”_Et)+...+b1 dr(?)
dt” dt” dt

+a,y(t) =

+b,r(t)

# DHIGHEY ("H6+HS(5H* (&) (*:#% ' ("H$3*2#6")5 #$),6,H#S*+" () (#

§"Y(8) + 15" Y (s) + -+ a18Y(s) +agY (s) = byps™U(s) + -+ b,U(s)
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| 5"(+3&'&(,%0BA(, Yo" &( +(F')".'3#]

Y () _ b s"+b "' +. +bs +b,

G(S):U " "y +as +
., . s ta,s" +.+tas +a,
U Y
— 65 fp—
IF+G 8§38 &(,%BA( Yo"
~ N(s) b 8™ + -+ + b,
D(s): Sistemaren poloak G(s) = D(s) 8" +an_15" L+ + a5+ ag

N(s): Sistemaren zeroak

M & St HRHH(H™#H#9%6" ()" | %&(" #,%"#8&"&(
H™)4" #96&()" %" #B&" &(H(/ J#HHI" &) &)H(" #%"(
&E™ )" =
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| 5™(+3&'&(,Y0BA(, Yo" &( +(F')'.'3#

& Transferentzi funtzioa plantaren adierazpide osoa da, edozein r(t)
sarrerari emango zaion y(t) erantzuna kalkultzea ahalbidetzen
duelako.

#  r(t) ezagututa, Laplace-n bidez R(s) lor daiteke:

#  R(s) eta G(s) ezagututa, y(t) kalkula daiteke, alderantzizko eraldaketa
eginez .

Y(s)
R(s)

G(s)=—2 = ¥(s)=G(s)R(s) wab | (1) =L "{G(s)R(s)}

Orokorrean, ekuazio diferentziala ebaztea baino errazagoa da.
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# Kontrol-sarreraz gain perturbazio-sarrerak daudenean, beste
transferentzi funtzio batzuk izango ditugu (gainezarmenaren
teorema erabiltzen da).

G(s) [— 71

dy —

Sistema lineala denez, gainezarmenaren teorema erabil daiteke:

RO N0
%97y gl %55

u=0
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L B=$>)##)&"

# QR*$,'5.#
J6H5 Yot (#"() Yot ("H)(#'5.() +(*(P5REH'5(("H#$3 SMBB()5%'2'()*
#"5($35"#)%F("()5.F,)5.'3#

R # H"(+, MH5(4#5'$3H #  DHIGHEL("HE+HS(5H
ﬂ;ﬁ e(1) = Vq(t) + V(1) E(S) =V (9 +V(s)
VR
— t)=Ri (t V.(s)=RI (s
W=7 | i (o) V(9= L9

# TRY%B*GRUE)+,. CF'6#5,54$8"#)%F("()5.F,)5. 3# 63" +#'5($(

=V(s) _ 1

“()=E© “Rest1
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L C=$>)##)&"

# QDR'S$,'5.#

J6H5 Yot (#"() Yo" (H(#'5.() +()*(?5B5#'5(("#$3 S7BB()5%'2'()*
#'5($35"#)%F("()5.F,)5.'3#

R . #  H"(+,*4#5(4#5'$3#] #  D#HIGHEY("#6+#$(5H
e(t) =v, (D+V (O+V()  E(s)=V (s)+V,(s)+V(s)
tNVVY 0()6600 1 v, () = Ri(?) V.(s)=RI(s)
1 di(t)
e(t) - cC__ vy v,()=L " V,(s)=LsI (s)
| _ 1., 1
| v == Jide V(s)= S (9
# To?%B*(3R%B*$()+,.C*2'6#5,5#$3*5"#)%F("()5.*F,)5. 3#*6 3" +#'5($(
G(s) = V(s) _ 1

E(s) 1+RCs+LCs?
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P"#)%06# 80'005 (4#*4($H) $IHSI*O*-+2'+(#
#m AH%H)*("H&'S()*+,5()*)+H" HS* 2 (4 )k>x +(6#B

2
Fo+F = md—;(
m x(t)T Tx(t) dt
- F =K1 X))
‘ d(x(t)! ¢t
< 5 T T F. =B (X(()jtx())
Ls L
49688 )$' )$+ J
xi(t)T 1-#$9%)$!'#.
P L, G#*.3()+,.|

2 Xi(t)
i (st 25BCs(Cart m D g P gy =P gy T SISTEMA >
dr’ dt dt ’
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| =) HH)&" 15 53FWE() (%($'+,"H0'%5 (44

#J6HS) ' +OH AH%H"() K?SRIGH.#A()+# CQRP5R() #6+#$,)5.(
('#)5.,)(
m x(t)T # H"(+*4H#5(445'$34]

- d2x(t) +B dx(t) + Kx(1) =B dx, (t) +Kx. (1)

|
. 2 dt? di di
; #  DHIGHEHY% ("#$2#6+)5.49,6,#% +"O)#) |

] X (5) + BSX () + X () = BSX, (s) + KX, ()

P
4 J'6#5,54#$5"#)%F("()5.F,)5.'3#
X(s) __BstK
X.(s) ms +Bs+K

G(s) =
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1 C=$>'#.8&1"
# THYHAHO6&,$'#A35(68#'6,#

#'5($35"#)%F("()5.F,)5.'3#
1 LA

K< B

m
e

f(t)

J6H5 K25RO6/64# #4()+ #'() +()23"#H+'("HI+(# CFt)= 3 N$3')+#"
$3)%5#)5##"5.() #3)#) @*
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1 K=$>'#.&1"

#H)("&HEK, "&H5 H6(H
o J6#54 , 4#%#"(#"'5.() #'3) F?5B#"#"() (5#*K?5B*
+(Yl6HH#A0+#'() #'5($35"H)%F("()5.F,)5. 34

AN

AN f(t) " 4, N*OXXX*8&
AN — 1 8, N*OXXX*:Y4
< K WVL 4 S N*ZX*8&
~e— N\ m, m, 8,N*OX*:Y4
N J*N*OXJEY 4
R B

N 5 >

AN Xo(1) X4(t)

o J6H5K25B/6HHA()+H() #+(HL+# H()23"H) Bf(t)=3 N )+
$3)%5#)5(##'5.() #3)#H) @*
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% HS$,#.'3 +'F("()5.'"#6#K5#5"#)%F("()5.F,)5.'3#
| L=$#.&," I*"RRF353"(#
J'6H5 Yot (H'() Yo" (H)(H#'5.0) +()*(?5B5()5% 3H5#1353"H"() #'+#5.#"()[ BB*
$3SH/(# ("6#.3)H5.() +,() ,"(+3&'&(,%6BA(,YH/'8,"$8/.& JH'H"-"$ AH"H#5, @

#  P?2SBeH" I (#*'.?25B5()5% S5#5 (642, "+")5#"'5($3 F6,K #"($'$3"3/3"5.'3)#6# +#I*
T(t)=KD@)i ()| 8,4353™#"() ")+#"##"(#'()* $3)%65#)5(##

PO =K;i (1)

#D)+.5HS 2"H5.0) +,0#H)  2("5#H) ")+#" $3)5"H(6($5"3("HE EH5%3"5.()+#* 7% ?5B6)5% 3BC*
F6,K H5#+,.'5#'()  #2'#+,"#"($'$3/"3/3"5.'3)#6# +()# @

e, (t) =K, d'; 5’) 8,4353"#"() $3)%5#)5RH5+# W m
# 7353""#"()*#64‘(*4($#)'$3#| e(t)| ii(t) eb(t)‘ | D=
(=g OO, d00
dt dt
#0HS5#(0 S5 # H'(4, 448)(5'$3#'() ."$,'5# |
o =6®+RiO+L di, (1)

&M =R i t)+L; pm
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1 M=$>'#.4,"

# PHS()+(/0+05#HS |
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